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Quantitatively understanding of the dynamics of an active Brownian particle (ABP) interacting with a vis-
coelastic polymer environment is a scientific challenge. It is intimately related to several interdisciplinary topics
such as the microrheology of active colloids in a polymer matrix and the athermal dynamics of the in vivo chro-
mosome or cytoskeletal networks. Based on Langevin dynamics simulation and analytic theory, here we explore
such a viscoelastic active system in depth using a star polymer of functionality f with the center cross-linker
particle being ABP. We observe that the ABP cross-linker, despite its self-propelled movement, attains an active
subdiffusion with the scaling 〈∆R2(t)〉 ∼ tα with α ≤ 1/2, through the viscoelastic feedback from the poly-
mer. Counter-intuitively, the apparent anomaly exponent α becomes smaller as the ABP is driven by a larger
propulsion velocity, but is independent of the functionality f or the boundary conditions of the polymer. We set
forth an exact theory, and show that the motion of the active cross-linker is a gaussian non-Markovian process
characterized by two distinct power-law displacement correlations. At a moderate Péclet number, it seemingly
behaves as fractional Brownian motion with a Hurst exponent H = α/2, whereas, at a high Péclet number, the
self-propelled noise in the polymer environment leads to a logarithmic growth of the mean squared displacement
(∼ ln t) and a velocity autocorrelation decaying as −t−2. We demonstrate that the anomalous diffusion of the
active cross-linker is precisely described by a fractional Langevin equation with two distinct random noises.
I. INTRODUCTION
Brownian particles that disobey the fluctuation-dissipation
theorem (FDT) [1]–referred to as active Brownian particles
(ABPs)–are ubiquitously found in nature [2, 3]. Typical ex-
amples include the run-and-tumble dynamics of a bacterial
microswimmer [4–6], colloidal particles immersed in a solu-
tion of bacteria [7–9], the motion of Janus particles [10], and
the motor-driven directed transport in living cells [11–13]. In
these examples, apart from thermal energy, the Brownian par-
ticle takes athermal energy from the environment or from its
internal activity, performing self-propelled motion over a cer-
tain time scale. Beyond this time scale, the particle under-
goes Brownian motion but with an FDT-violated diffusivity.
Over the past decade, extensive studies have been conducted
for such topics as modeling of the aforementioned ABP sys-
tems [8, 10, 14, 15], their out-of-equilibrium properties [16–
18], and the collective movement of ABPs under various cir-
cumstances [19–21].
Regarding the collective dynamics, some efforts were re-
cently made on the so-called active polymer systems, in which
a polymer consists of ABPs or is embedded in an active bath
embracing active particles; it was investigated how the active
fluctuations affect the structure and dynamics of a polymer
such as flexibility [22, 23], swelling [24–26], looping [27], re-
sponse to confinement [28], and internal dynamics within the
polymer [29–34]. The active polymer systems may potentially
be relevant to modeling and understanding of nonequilibrium
biological polymers such as human chromosomes [35–37],
microtubule [38–40] or endoplasmic reticulum (ER) network
[41, 42], actin [43–45], and hydrogels [46–49] as well as the
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transport therein [50–55].
As a related issue in this direction, in this study we are
interested in the dynamics of active particles confined to a
polymeric environment that embodies viscoelastic features.
As exemplified in Fig. 1, depending on the circumstances,
this problem can be viewed as the ABP diffusion confined
to a networked polymer [Fig. 1 (Top, Left)] or the local seg-
ment dynamics in a bio-polymer driven by the enzymatic
activity of an ATP-consuming macromolecule [Fig. 1 (Top,
Right)]. Similar problems as to the Brownian particle in
a polymeric environment were widely investigated in litera-
ture [50, 54, 56–62]. A number of previous work (including
ours) reported that the transport or confined dynamics of a
Brownian particle (BP) in a polymer gel often reveals frac-
tional Brownian motion (FBM) [58–60, 63]. It is a correlated
gaussian process xH(t) characterized by the autocorrelation
〈xH(t)xH(t ′)〉 ∝ (|t|2H + |t ′|2H − |t− t ′|2H) and the Hurst ex-
ponent H (0 < H < 1) [64]. The mean squared displacement
(MSD) of FBM scales as 〈x2H(t)〉 ∼ tα with the anomaly ex-
ponent α = 2H [64]. It is known that a tagged monomer in
a Rouse chain or a colloidal particle attached to Rouse chains
is governed by FBM, with H = 1/4 (〈x2〉 ∼ t1/2) [63, 65, 66],
which is called the Rouse dynamics with a Rouse exponent
α = 1/2 [67]. It was shown that BPs diffusing through a
polymer network also follow FBM, but with a Hurst expo-
nent varying in the range of 0 < H ≤ 1/2, depending on such
conditions as the concentration of the polymer and the size of
the particle [58, 60].
We ask, in this work, how does an ABP connected to a
polymeric environment behave in response to the viscoelastic
feedback? For this study, we consider the minimal networked
polymer model initially proposed by Sparkel et al. to study
the dynamics of colloidal particles adsorbed onto a networked
polymer [63]. Based on this model, as illustrated in Fig. 1
(Bottom), we construct an ABP-polymer composite system
where the ABP cross-links with a set of Rouse chains com-
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2posed of ordinary Brownian particles. This system mimics
either the dynamics of an athermal polymer network driven
by active cross-linkers (such as the cross-linker dynamics in
an ER network [41]) or of an active colloid attached to one
of the cross-linkers in the network. In the work by Sparkel et
al. [63], it was shown that when the Brownian colloidal parti-
cle is strongly adsorbed onto the networked polymer, the BP
displays the Rouse-like dynamics with α ≈ 0.5; if the parti-
cle can be easily detached from the polymer, the BP exhibits
subdiffusion with 0.5 < α . 1. Here, we perform Langevin
dynamics simulations on our ABP-polymer systems and study
how the dynamics of the ABP cross-linker is affected by the
viscoelastic interactions with the polymer medium. We find
that the ABP cross-linker exhibits apparent anomalous diffu-
sion of∼ tα , where, counter-intuitively, the anomaly exponent
α becomes smaller than the Rouse exponent 1/2 as the active
fluctuations become larger. Moreover, the motion of the ABP
cross-linker seemingly follows FBM with the Hurst exponent
H = α/2. The simulation results are then quantitatively elu-
cidated with our analytic theory; mathematically, it is deter-
mined that the self-propelled active fluctuations generated by
the ABP, eventually, lead to ∼ ln t dynamics in the MSD via
the viscoelastic feedback, which turns out to be responsible
for the sub-Rouse anomalous diffusion observed in the simu-
lation. Our study gives an insight into the active cross-linker
dynamics of networked biofilaments [68, 69] and reports dis-
tinct results compared to the recently studied ABP immersed
in a simple polymer solution [70].
The current paper is organized as follows. In Sec. II, we
explain our model for the active Brownian particle and the
ABP-polymer system under consideration and then provide
the technical information for the Langevin dynamics simu-
lations executed. In Sec. III, we provide the computational
results from our Langevin simulation. The dynamics of the
ABP-polymer systems are extensively investigated upon the
change in active fluctuations, the functionality, and the bound-
ary conditions, by analyzing the physical quantities, such as
the mean squared displacements, displacement distribution,
velocity autocorrelation, velocity cross-correlations, etc. In
Sec. IV, we provide our analytic theory based on a simplified
ABP-polymer model, where the expressions for the MSD of
the ABP cross-linker is derived. The effects of active fluc-
tuations are explicitly studied and tested with the simulation
results. Finally, in Sec. V, the main results are summarized
with a discussion on the biological implications of this work.
II. MODEL & SIMULATION METHOD
In this section, we explain our models for the active Brow-
nian particle and the ABP-polymer systems studied in this
work. Next, we provide a detailed description on the Langevin
dynamics simulations for our model.
FIG. 1: Schematic illustrations showing the active particle in a poly-
meric environment under consideration. (Top, Left) An active Brow-
nian particle (ABP) is embedded in a cross-linked polymer network.
Due to a nonspecific binding interaction between the ABP and the
polymer, the particle is allowed to attach onto the network. The ABP
has a long-lived negative correlation in its motion through viscoelas-
tic feedback from the meshwork. (Top, Right). In vivo biological
polymers, such as the chromosome or actin networks, are associated
with ATP-consuming macromolecules (red). These active particles
strongly bind onto the polymer and locally give rise to nonequilib-
rium active forces. Through the interactions between the proteins
and the polymer, the local segment and protein dynamics can be sig-
nificantly modified. (Bottom) The ABP-polymer composite system
as a minimal model for the above two examples. In this model, an
ABP at the center (red) is cross-linked with multiple Rouse chains
made of ordinary BPs. A similar model was previously considered
to model the diffusion of a colloidal particle in a networked poly-
mer [63]. The number of the connected arms is the functionality f
(here, f = 4) ranging from 2 to 7 in our simulation study. Each arm
consists of the same number of BPs N = 100.
A. Active Brownian particle
The translational dynamics of an active Brownian particle
(ABP) in our model is described by the overdamped Langevin
equation [8, 30, 32, 71]
γA
dRA
dt
= ξ(t)+η(t). (1)
Here, ξ is the (equilibrium) white gaussian noise from ther-
mal environment satisfying 〈ξµ〉 = 0 and 〈ξµ(t)ξν(t ′)〉 =
2γAkBTδµ,νδ (t − t ′) [kB: the Boltzmann constant; T : the
absolute temperature; γA: frictional coefficient; µ and ν
are the indices of each Cartesian component]; η represents
an active noise from an athermal energy source that leads
3to the self-propelled motion as well as a breakdown of the
FDT [8, 18, 71]. Adopting a well-known model in liter-
ature [8, 18, 71], here, we model the active noise as an
Ornstein-Ulhlenbeck (OU) noise, which has zero mean and
an exponentially decaying autocorrelation of the form:
〈ηµ(t)ην(t ′)〉=
γ2Av
2
p
3
δµ,ν exp(−|t− t ′|/τA). (2)
In this expression, τA is the correlation time of the noise and
vp is the propulsion velocity quantifying the degree of self-
propelled mobility. The average propulsion velocity from the
active noise becomes vp at the noise strength defined above
(Fig. S1 and Sec. II A in the ESI†). In this study, we alterna-
tively re-express vp in terms of the Péclet number Pe, i.e. the
ratio of the active diffusion rate to the thermal diffusion rate.
It is defined as [3]
Pe =
vpσ
D
(3)
where σ is the diameter of the particle and D = kBT/γ is
its thermal diffusivity. The above OU active noise (in each
Cartesian component) is governed by the Langevin equation
[22, 71]
dη
dt
=−τ−1A η(t)+
√
2γ2Av2p
3τA
ζ (t) (4)
where ζ is a white gaussian noise satisfying 〈ζ 〉 = 0 and
〈ζ (t)ζ (t ′)〉 = δ (t − t ′). See Fig. S1 and Sec. II A (ESI†)
for the autocorrelation of the OU active noise generated by
Eq. (4).
B. ABP cross-linked to a Rouse networked polymer
Using the ABP cross-linker and the ordinary Brownian
beads, we set up an active polymer system, as illustrated in
Fig. 1. Several Rouse polymers of the same length are cross-
linked with an ABP at the center. With the exception of this
cross-linker particle, all beads are the ordinary BPs. This star
polymer can be understood as a unit cell of a polymer network
having the functionality f (the number of connected chains).
For simplicity, the size of the ABP is assumed to be the same
as the other beads in the polymer. The dynamics of this active
polymer is described by the following Langevin equations:
γA
dRA
dt
=−k
f
∑
l=1
(RA−R(l)1 )+ξ(t)+η(t),
γ
dR(l)s
dt
=−k(2R(l)s −R(l)s+1−R(l)s−1)+ξ(l)s (t).
(5)
The first equation describes the motion of the ABP cross-
linker represented by RA(t) [≡ R0(t) with the index 0 denot-
ing the center bead]; the vector R(l)s (t) denotes the position
of s-th monomer in l-th linear chain (where s ∈ {1,2, . . . ,N}
and l ∈ {1,2, . . . , f}) and k is the spring constant for the har-
monic potential between neighboring beads. η is the active
OU noise introduced in Eqs. (1) & (2) for the self-propelled
motion of the ABP. The second equation describes the dynam-
ics of the Rouse chains in the polymer network. ξ and ξ(l)s are
the δ -correlated thermal noises for the cross-linker and the re-
maining particles, respectively, which are independent of one
another and have a variance of 2γkBT for each Cartesian com-
ponent.
Two distinct boundary conditions for the arms are consid-
ered in our study. The first case is the pinned arms where the
last N-th beads in the arms are fixed in space (i.e., dR(l)N /dt =
0) as shown in Fig. 1. The other case is the free boundary con-
dition where the end beads move freely ( ∂R
(l)
s
∂ s |N = 0). Based
on our simulations for both cases, we show that the monomer
dynamics at the time scales of our interest are hardly affected
by the boundary conditions, which merely determine the long-
time limit behavior of whether the system has a confined mo-
tion or free diffusion. By virtue of this, we mostly focus on
the case of pinned arms in our simulation study and discuss the
boundary effects at the end of the simulation section. In the
current study, we simulate the ABP-polymer systems of func-
tionality f ranging from 2 to 7, where each arm has N = 100.
C. Langevin Dynamics Simulations
We perform the Langevin dynamics simulation for our
model based on the equation of motion (5). In the simula-
tion, we use the basic units for length [σ ] = b (the bead di-
ameter), time [τ] = 1 ns, and energy [ε] = kBT (T = 300 K).
Using these units we solve the Langevin equation (5) within
the scheme of the second-order Runge-Kutta algorithm with
the Heun method [72]. Further information about the simu-
lation scheme and the boundary condition is provided in the
ESI†.
In our Langevin simulations we chose: the diffusivity of
(A)BP beads D = kBT/γ = 2 [σ2/τ], the spring constant k =
3kBT/b2 = 3 [ε/σ2], the integration time ∆ t = 0.01τ , and the
total simulation time ranging from T = 2× 103τ to T = 2×
105τ . We also set τA = 0.083 τ , and the propulsion velocity
takes the values vp = 0 (BP limit), 10, 20, 30, 50, and 100. The
corresponding Péclet numbers for each vp are simply Pe =
vp/2 for our given choice of parameters. For simplicity, the
frictional coefficient of a bead in the polymer network is set
to be γ = γA. For a given parameter set, 100 samples are run
for statistics.
Prior to our simulation on the ABP-polymer systems, we
have validated our code by simulating some model systems
that an available corresponding analytic theory: In Fig. S1, a
single ABP in free space has been simulated for various Pe
and their excellent agreement with the exact analytic theory
has been demonstrated. Additionally, in Sec. IV B [Fig. 9], the
comparison between our simulation results and the analytic
theory of the ABP-polymer system is provided (including the
limit of the Rouse polymer at Pe = 0).
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FIG. 2: Mean squared displacements (MSDs) of the ABP cross-
linker in a networked polymer when varying the Péclet number
(Pe = vp/2). From Bottom to Top, Pe is zero (the BP limit), 5,
10, and 25. The apparent MSD exponent (solid lines) in the Rouse
regime (∼ 100 . . .102 τ ) is annotated for Pe = 0 and 25. The inset
shows the fitted α values from MSD ∼ tα in this regime as a func-
tion of Pe. Two dashed lines denote the guides for the Fickian and
the ballistic limits. In the plot, the functionality is f = 3 and the end
beads of each arm pinned in space. Here (and in the subsequent sim-
ilar plots below), the error bar is smaller than the symbol size. The
basic units in x- and y-axes are [τ] and [σ2], respectively.
III. RESULTS: LANGEVIN DYNAMICS SIMULATIONS
A. Anomalous diffusion of the ABP cross-linker
To begin with, let us study how the dynamics of an ABP
is altered when cross-linked to a networked polymer. We
have simulated the ABP-polymer systems with three arms
( f = 3) at varying Péclet numbers [see Fig. 1(Bottom)]. With
these simulation data, we measure the mean squared displace-
ment of the ABP cross-linker by the definition 〈∆R2A(t)〉 ≡
〈[RA(t0+ t)−RA(t0)]2〉sp where ∆R2A(t; t0) represents a time-
averaged (TA) MSD from a single trajectory and 〈·〉sp is the
ensemble-averaging of TA MSDs over 100 samples simulated
at given parameters [73]. In Fig. 2, we plot the MSDs of the
ABP cross-linker at varying Pe(= vp/2). First, at the BP limit
of Pe = 0, the MSD exhibits the expected result reported in
the literature [63]. The Brownian cross-linker, followed by
the short-time Fickian dynamics, crosses over to subdiffusive
dynamics with the anomaly exponent α = 1/2. This is re-
ferred to as the Rouse dynamics, resulting from the collective
motion of a polymer network that persists, approximately, up
to the Rouse relaxation time τR = 4γN2/(pi2k)∼ 670. Beyond
this time the BP cross-linker shows confined motion because
of the fixed boundary condition. For the ABP cross-linkers,
the motion is super-diffusive (or ballistic) at t . τA, during
which the ABP motion is directional due to the active noise.
For τA . t . τR, the ABP shows a transition from superdif-
fusion to subdiffusion with the anomaly exponent α < 1/2.
The inset shows the plot of α(Pe) obtained by a fit with MSD
∝ tα over the time window [100,102]. Surprisingly, the re-
sult demonstrates that the ABP motion is more subdiffusive
(with smaller α) as Pe is increased. It seems that the net
effect of the active noise is counter-intuitive when the ABP
attains the long-lived negative feedback from the viscoelas-
tic environment. Importantly, we point out that such an un-
expected slower subdiffusion can occur in situations where a
single ABP is connected to a passive polymer system. If the
polymer system consists of the same ABPs, we find that the
ABP cross-linker always displays a Rouse-like subdiffusion
of α = 1/2, regardless of Pe (Fig. S2). This is also consistent
with the previous work [31]. After the Rouse relaxation time
τR the MSD reaches a plateau, whose amplitude increases for
higher Pe.
For the BP cross-linker (at vp = 0), it is well-known that
the observed subdiffusive motion of α = 1/2 belongs to frac-
tional Brownian motion (FBM) with the Hurst exponent H(=
α/2) = 1/4 [64–66]. In this case, the cross-linker motion is
gaussian and has an algebraically decaying negative correla-
tion in its velocity, such that 〈v(t1) · v(t2)〉 ∼ α(α − 1)|t1−
t2|α−2 [73].
We scrutinize the stochastic nature of the ABP cross-
linkers. First, the gaussianity of the process is examined by
plotting the displacement distribution (i.e., the Van-Hove self-
correlation function) P(δx) with a gaussian fit. Fig. 3 (Top)
shows P(δx|t = 10) and its best gaussian fit for various Pe
conditions. The analysis suggests that P(δx) follows a gaus-
sian distribution. To confirm that P(δx) is indeed absence of
a non-gaussian tail originating from the large displacements
from the active motion, especially, at high Péclet numbers, we
measure the non-gaussian parameter 〈(δx)4〉/[3〈(δx)2〉2]− 1
for increasing Pe up to 250 [see the inset]. This demonstrates
that, regardless of Pe, the non-gaussian parameter is as nearly
zero as the genuine gaussian displacement is when realized
by a gaussian random number generator. Based on these anal-
yses, we conclude that the anomalous diffusion of the ABP
cross-linkers is gaussian.
Next, we study the directional memory in the motion of
the ABP cross-linker via the velocity autocorrelation func-
tion (VACF). Here, the average velocity is defined from a
trajectory over an arbitrary time interval δ t by v(t;δ t) =
[R(t + δ t)−R(t)]/δ t. Then, VACF is given by Cv(t;δ t) =
〈v(t+ t0;δ t) ·v(t0;δ t)〉. The normalized VACFs are plotted in
Fig. 3 (Bottom) for several Pe conditions. The inset shows the
tail part of the same VACFs in the log-log scale. We compare
the data with the normalized VACF curves of FBM [73, 74]
Cv(t;δ t) =
(t+δ t)2H −2t2H + |t−δ t|2H
2δ t2H
(6)
for a process with a Hurst exponent H = α/2 and time in-
terval δ t. The comparison shows that the VACF of the ABP
cross-linker is hardly distinguished from that of FBM (includ-
ing the tail part shown in the inset) for Pe . 25. The ex-
cellent agreement strongly suggests that the anomalous dif-
fusion of the ABP cross-linkers (with the apparent scaling
of MSD∼ tα ) behaves as FBM with a Hurst exponent H =
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FIG. 3: Stochastic nature of the ABP cross-linker dynamics. (Top)
Displacement distribution P(δx|t) of the ABP cross-linker for a
given lag time t = 10. The P(δx)s are all normalized to unity. The
solid lines are the gaussian fits to the data. Inset: The non-gaussian
parameter 〈(δx)4〉/[3〈(δx)2〉2]− 1 vs. Pe. (Bottom) Velocity auto-
correlation functions (VACFs) of the ABP cross-linker for Pe = 0
(the BP limit), 5, 10, and 25. The definition of the velocity and its
normalized VACF are given in the main text. The time interval δ t for
defining the velocity is δ t = 10 τ . The solid lines are Eq. (6), which
are the normalized VACF curves for FBM with the Hurst exponent
H(= α/2) = 0.25, 0.23, 0.19, and 0.12. Inset: the tail parts of the
same VACF curves in the main figure for t/δ t > 1 in the log-log
scale.
α(Pe)/2. Eq. (6) then indicates that the ABP cross-linker has
a power-law decaying anticorrelation in its displacement as
VACF∼ α(α − 1)tα−2. We point out that such an FBM-like
ABP dynamics fails to observe if Pe & 25. As an extreme
case, the VACF at Pe = 250 is plotted in the figure. The curve
does not exactly follow the VACF of FBM [Eq. (6)] at both
short and large times, although the deviation appears to not
be significant. We clarify the stochastic identity of the ABP
cross-linker in the section of analytic theory (Sec. IV B).
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FIG. 4: MSDs for the passive beads in the arm chains for varying
s from the center cross-linker to the end. From Top to Bottom, the
curve shows the particle at s = 0 (the ABP cross-linker), 1, 0.1N,
0.5N, 0.9N, and N − 1 (here, N = 100). The solid line represents
the MSD from the simulation for s = 0.5N at Pe = 0. We use the
functionality f = 3 and Pe = 25.
B. The polymer dynamics in the presence of the ABP
cross-linker
We now turn to the dynamics of the beads in the
arms and study how their collective dynamics–the Rouse
dynamics at Pe = 0–are modified by the presence of
the ABP. In Fig. 4, we plot the MSDs, 〈∆R2s (t)〉 =
(1/ f )∑ fl=1〈[R(l)s (t+ t0)−R(l)s (t0)]2〉sp, for the s-th beads in
the arm chains (at a fixed Pe = 25). The six curves from Top
to Bottom correspond to s= 0 (the ABP cross-linker), 1, 0.1N,
0.5N, 0.9N, and N− 1 [N = 100]. As a reference, on top of
these we plot the MSD for s = N/2 at Pe = 0 (solid line).
From the figure we find the following interesting features for
the athermal polymer dynamics: (1) In the Rouse regime the
Brownian beads exhibit subdiffusion where the anomaly ex-
ponent α becomes larger with an increasing s and, concur-
rently, the amplitude is significantly smaller. (2) At the mid-
dle of the arm, s = N/2, the MSD curve collapses onto the
reference curve (solid line) at Pe = 0, having the maximum
α = 1/2 (the Rouse exponent). Interestingly, the active fluc-
tuations at the linker (s= 0) almost decay out around the mid-
dle of the arm, thus, the motion of the bead is thermal. (3)
For the beads where s > N/2, the effect of the active noise is
negligible; the particles exhibit a Rouse dynamics under con-
finement.
To examine the impact of the active fluctuations along
the chain, we measure the velocity cross-correlation function
(VCCF) between the ABP (s = 0) and the BPs at s≥ 1. Plot-
ted in Fig. 5 are the VCCF curves normalized by 〈v2A〉. It
shows that for small s the VCCFs have a negative dip at t ∼ δ t
(δ t = 10 in the plot), suggesting that the motion of these BPs
is anti-correlated with that of the ABP cross-linker. Here we
find that the degree of anti-correlation decreases with s while
60 5 10 15 20 25
0.0
0.5
1.0
1.5  ~ s
1.21
t m
ax
/
t
s
0 5 10 15 20 25
10-2
10-1
100
(V
CC
F)
m
ax
s
 ~ exp(-0.41s0.72)
0 1 2 3
-0.5
0.0
0.5
1.0
v A
(t 0
)v
s(t
t)
v A
(t 0
)
 s = 0
 s = 1
 s = 2
 s = 5
 s = 0.1N
 s = 0.2N
 s = 0.5N
t/ t
FIG. 5: Velocity cross-correlation function (VCCF) between the
ABP cross-linker and the BPs at various distances s. VCCF is de-
fined as 〈vs(t+ t0;δ t) ·vA(t0;δ t)〉 where the velocities are defined in
the same manner as in VACF (Fig. 3) and the time interval δ t = 10 τ .
(Top) VCCFs as a function of lag time t. The results for the systems
with f = 3 and Pe = 25. (Bottom, Left) The maximal value of the
normalized VCCFs as a function of the bead index s. The red solid
line depicts the stretched exponential fit to the data. (Bottom, Right)
The time for the max VCCF, tmax/δ t, as a function of the bead index
s. The red solid line is the power-law fit to the data.
the initial positive-correlation lasts longer; for instance, the
bead at s = N/5 almost has a positive-correlation with the
ABP without anti-correlation over time. By a numerical anal-
ysis in Fig. 5 (Bottom, Left) we find that the positive corre-
lation (i.e., the maximal value of VCCF) decays with s in a
stretched exponential manner of ∼ exp(−As0.72), where the
stretched exponent varies depending on Pe. For s & N/2 the
cross-correlation is found to be almost zero. This is consistent
with our observation in the MSDs, where the beads after the
half-length arm are hardly affected by the active fluctuations at
the center. We also learn that the time for the highest positive
correlation increases with s. This behavior can be understood
as a time delay for the active fluctuations occurring at the cen-
ter to arrive at a distant bead. The subplot in Fig. 5 (Bottom,
Right) shows that the peak time tmax grows algebraically with
s as ∼ s1.21. However, the growth exponent 1.21 is not uni-
versal and tends to decrease with Pe. This behavior can be
viewed such that the number of beads affected by the active
noise grows with time as s∼ t1/1.21max and the corresponding ex-
ponent increases with Pe (the exponent is 1/2.47 at Pe = 0).
C. The effect of functionality ( f )
For the Brownian cross-linker, it was shown by an analyt-
ical study that by changing f the MSD grows as 〈∆R2(t)〉 ∼
kBT
f t
1/2 at the intermediate time scale and reaches a plateau
6kBT N
f k at the stationary state [63]. This demonstrates that at
Pe = 0 the anomaly exponent is invariant to f , but the am-
plitude of MSD is reduced by a factor f . To investigate
the case for the ABP cross-linker, we simulate our model
by changing f from 2 to 7. Fig. 6 presents the variation of
α(t) = d logMSD(t)/d log t for the active cross-linkers con-
nected with the network having f = 2, 3, . . . ,7 at a fixed Pe.
The corresponding MSD curves are plotted in the inset. The
simulation results suggest that, analogous to the BP limit, the
functionality does not change the overall feature of the ABP
dynamics in the Rouse and long-time regimes; after the initial
superdiffusion region the MSDs keep the same scaling rela-
tion of ∼ tα with α ≈ 0.23, regardless of f , for more than
two decades. The MSDs (inset) tell that the functionality has
a role of decreasing the amplitude of MSD, particularly, its
stationary value.
The effect of f on the stationary state can be understood
by the analogy with a single ABP confined to a harmonic
potential of stiffness Keff ∝ f/N. In this coarse-grained pic-
ture, the motion of an ABP trapped in a harmonic potential
U(x) = 12 Keffx
2 is described by the Langevin equation
γeffR˙A =−KeffRA(t)+ξ(t)+η′(t). (7)
Here, via the interactions with the polymer system, the
particle may have an effective frictional coefficient γeff
and an active noise characterized by 〈η ′µ(t)η ′ν(t ′)〉 =
γ2effv
2
p
3 δµ,ν exp(−|t− t ′|/τeff). We solve this equation [71],
identifying that
lim
t→∞〈∆R
2
A〉 ≡ 〈∆R2A〉st = 3
kBT
Keff
+
v2p
Keff
γeff
(
Keff
γeff
+ 1τeff
) . (8)
In accordance with this theory, our simulation easily confirms
that 〈∆R2A(Pe = 0)〉st ∼ f−1 (Fig. S3) with Keff = f k2N . In-
triguingly, the second term signifies that its f -dependence is
multi-scaling, depending on the ratio of 1/τeff to Keff/γeff; if
τeff γeff/Keff, then the second term scales as 1/ f 2, whereas
for the opposite limit it scales as 1/ f . It is determined that
for given simulation conditions the data approximately follow
∼ f−2 where the fit gives Keff/γeff = 1.97 f and τeff = 0.782
(Fig. S4).
D. The effect of boundary condition
We repeat the previous simulations with the free bound-
ary conditions, where the end beads of the chains are moving
( ∂RN∂N = 0). In Fig. 7 we compare the corresponding MSDs and
α(t) of this model with the above results for the fixed bound-
ary conditions. The plot shows that the two ABPs display ex-
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FIG. 6: The variation of the anomaly exponent α(t) =
d logMSD/d log t for the ABP cross-linker for varying the function-
ality f from 2 to 7. The inset shows the corresponding MSD curves.
In the simulation, the Péclet number is Pe = 25.
actly identical dynamics, independently of the boundary con-
ditions, up to the Rouse regime. The only difference is ob-
served in the long-time regime: here, unlike the fixed bound-
ary condition, the free case allows the ABP to be Brownian
at large times. The plotted three MSDs at Pe = 0, 10, and 25
approach one another in this regime, signifying that the long-
time Fickian dynamics is attributed to the drift of the entire
system itself. A supplementary simulation study shows that
the ABP cross-linker has the boundary-free anomalous dy-
namics until the length of the arm is as short as N∼O(10) [see
Fig. S5 for further discussion]. It is informative to learn that
the boundary condition gives trivial effects on the ABP dy-
namics. The observed dynamic properties for the ABP cross-
linker above, such as the gaussianity, autocorrelation struc-
ture, and the cross-correlation with the beads in the polymer
chain, will be preserved independently of the boundary con-
dition.
IV. RESULTS: ANALYTIC THEORY
Based on the simulation studies in the previous section, we
now analytically revisit the athermal dynamics of the ABP-
polymer systems, starting from the Langevin equation (5), and
establish a quantitative theory on the anomalous dynamics for
the ABP and the passive particles in the polymer. For analytic
tractability, hereafter we consider a minimal model where the
active cross-linker is connected with two arms ( f = 2) hav-
ing free ends. Note that the study of this minimal system is
sufficient for understanding the anomalous dynamics for the
systems observed in the simulation above, since, as demon-
strated in Sec. III C and III D, the number of f and the bound-
ary conditions are irrelevant to this issue. To proceed with the
calculation, we rewrite the set of the original Langevin equa-
t
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FIG. 7: The comparison of the dynamics of the ABP cross-linkers for
fixed and free boundary conditions. (Top) The MSD curves. (Bot-
tom) The anomaly exponents α as a function of t. In both panels, the
symbols and solid lines represent the simulation data for the fixed and
free boundary conditions, respectively. In the plot, the functionality
is f = 3 and Pe = 0 (black), 10 (green), and 25 (blue).
tion (5) into the following unified form:
γ
dRs
dt
=−k(2Rs−Rs+1−Rs−1)+ξs(t)+ηs(t) (9)
where R0(=RA) and Rs6=0 represent the ABP cross-linker and
the other Brownian beads in the polymer, respectively, with
the bead index s running from−N to N. In the above equation
the last term ηs(t) is responsible for the active noise acting
on the bead at s. In our study, it is specified to be ηs(t) =
δs,0η(t) so that the active noise is only applied to the center
particle. Through the modification of this selectivity index,
the above model also describes other active polymer systems,
e.g., where multiple beads in the polymer are the ABPs [75]
or all beads are active [30, 31]. For a better understanding
of our current model, we have also solved the latter model,
such that all particles are the ABPs. It turns out that the latter
system is trivial in that the cross-linker always exhibits Rouse-
like dynamics 〈∆R2〉 ∼ t1/2 for any Péclet numbers [Fig. S2].
This model is discussed in Sec. II B in the ESI†.
Now, exploiting the technique of normal mode expan-
sion [29, 31, 32, 75]
Rs = X˜0+2
2N
∑
p=1
X˜p cos
(
ppi(s+N)
2N
)
X˜p =
1
2N
N
∑
s=−N
Rs cos
(
ppi(s+N)
2N
) (10)
8we recast Eq. (9) into the Langevin equation of each modes,
as in the following:
γ
dX˜p(t)
dt
= kpX˜p(t)+ ξ˜p(t)+ η˜p(t). (11)
Here, the spring constant becomes kp = 4k sin2 (pi p/4N) ≈
kpi2 p2/4N2 in the large-N limit while keeping k/N2 finite, and
ξ˜p and η˜p are, respectively, the cosine-transformed noises of
the original noises. The transformed thermal noise has the
autocorrelation
〈ξ˜p(t) · ξ˜q(t ′)〉= 3kBT γ2N δp,q(1+δp,0)δ (t− t
′), (12)
while the active noise has an exponentially decaying, mode-
coupled autocorrelation
〈η˜p(t)·η˜q(t ′)〉=
γ2v2p
4N2
exp(−|t− t ′|/τA)cos
( ppi
2
)
cos
(qpi
2
)
.
(13)
The stationary solution of the Langevin equation (11) is sim-
ply given by
X˜p(t) =
1
γ
∫ t
−∞
dt ′e−
(t−t′)p2
τR
(
ξ˜p(t ′)+ η˜p(t ′)
)
, (14)
where the integral starts from negative infinity in order
to eliminate the initial condition effect and where τR =
4γN2/(pi2k) is the Rouse relaxation time. From Eqs. (12) and
(13), we find that X˜p has the autocorrelation (t > t ′)
〈X˜p6=0(t) · X˜q6=0(t ′)〉= 3kBT2Nγ δp,q
τRe
− p2τR (t−t
′)
2p2
+
v2pτR
4N2
cos
( ppi
2
)
cos
( qpi
2
)
p2+q2
e− p2τR (t−t ′)
p2
τR +
1
τA
+
e−
t−t′
τA
q2
τR +
1
τA
+
e−
t−t′
τA − e−
p2
τR
(t−t ′)
p2
τR −
1
τA

(15)
and
〈X˜0(t) · X˜0(t ′)〉=−
v2pτ2A
4N2
e−
t−t′
τA +
(
3kBT
Nγ
+
v2pτA
2N2
)∫ t ′
−∞
du.
(16)
In this expression, the first line in the R.H.S. describes the
autocorrelation for the usual passive Rouse chain. Then the
remaining part solely explains the ABP-driven effect, which
is inclusive of a coupling between the modes and vanishes for
all odd numbers of p and q ∈ {±1,±3,±5, . . .}.
A. General expression for MSD
Within the normal mode expansion the MSD of a bead in
the ABP-polymer system is formally expressed as
〈∆R2s (t)〉=
〈[
∆ X˜0(t)+2
∞
∑
p=1
∆ X˜p(t)cos
(
ppi(s+N)
2N
)]2〉
(17)
where ∆Rs(t) =Rs(t)−Rs(0), ∆ X˜p(t) = X˜p(t)− X˜p(0), and
the number of modes are taken to be infinite in the large-N
limit imposed below Eq. (14). Making use of the autocorrela-
tion relations Eq. (15), we can obtain the analytic expression
for MSD by the following steps: (i) The square average of
∆ X˜0(t) is responsible for the drift of the entire system, which
is easily evaluated to
M(1)s (t)≡
〈
∆ X˜20(t)
〉
=
3D
N
t+
v2pτA
2N2
(
τA
(
e−t/τA −1
)
+ t
)
.
(18)
Here, the first and second terms explain the thermal (D =
kBT/γ) and ABP-driven drift, respectively. For t  τA, both
terms grows linearly with t, as expected. (ii) The square aver-
age of the cross product reads
M(a)s (t)≡ 4
∞
∑
p=1
〈
∆ X˜0(t) ·∆ X˜p(t)
〉
cos
(
ppi(s+N)
2N
)
=
2N
∑
p=1
τRv2p
N2 p2
cos
( ppi
2
)
cos
(
ppi(s+N)
2N
)
×
2− e− p2tτR − e− tτA
1
τA
+ p
2
τR
−e
− p2tτR − e− tτA
1
τA
− p2τR
 .
(19)
(iii) The square average of the last term is
M(b)s (t)≡ 4
∞
∑
p=1
∞
∑
q=1
〈
∆ X˜p(t) ·∆ X˜q(t)
〉
× cos
(
ppi(s+N)
2N
)
cos
(
qpi(s+N)
2N
)
= M(2)s (t)+M
(c)
s (t)
(20)
where
M(2)s (t) =
∞
∑
p=1
6DτR
N p2
(
1− e−
p2t
τR
)
cos2
(
ppi(s+N)
2N
)
(21)
and
M(c)s (t) =
∞
∑
p=1
∞
∑
q=1
2τRv2p
N2(p2+q2)
cos
( ppi
2
)
cos
(qpi
2
)
× cos
(
ppi(s+N)
2N
)
cos
(
qpi(s+N)
2N
)
×
1− e− p2tτR
1
τA
+ p
2
τR
+
1− e− tτA
1
τA
+ q
2
τR
+
e−
t
τA − e−
p2t
τR
1
τA
− p2τR
 .
(22)
Here, M(c)s (t) can be further simplified after performing
a summation over q using the Euler-Maclaurin formula
∑∞k=1 f (k) ≈
∫ ∞
0 f (k)dk− f (0)/2. Then M(a)s (t) and M(c)s (t)
9can be summed up together to give
M(3)s (t) =M
(a)
s (t)+M
(c)
s (t)
=
∞
∑
p=1
piτRv2p
4pN2
cos
( ppis
N
)
exp
(
− ppis
N
)
×
2− e− 4p2tτR − e− tτA
1
τA
+ 4p
2
τR
+
e−
t
τA − e−
4p2t
τR
1
τA
− 4p2τR
 .
(23)
Collecting the three terms, we now obtain one of the main
results in this section, i.e. the MSD of an arbitrary bead in the
polymer, as
〈∆R2s (t)〉= M(1)s (t)+M(2)s (t)+M(3)s (t). (24)
We perform the Langevin simulations for the corresponding
system and numerically validate Eq. (24) with them. Fig. 8
shows the comparison between Eq. (24) and the simulation
data (open circles). Here, the solid lines depict Eq. (24) nu-
merically estimated for the beads at s = 0, 1, 2, and N/2.
Excellent agreement between them is observed over the entire
time window plotted.
The above general expression for MSD provides the follow-
ing relevant information about the polymer dynamics: First,
in the limit of vp→ 0 (Pe = 0) our ABP-polymer system be-
comes a Rouse chain, at which the MSD (24) is reduced to
〈∆R2s (t)〉=
3D
N
t+
∞
∑
p=1
6DτR
N p2
(
1− e−
p2t
τR
)
cos2
(
ppi(s+N)
2N
)
≡MRouse(t).
(25)
This is exactly the expression of the MSD for a bead in the
Rouse chain [67]. In the above expression, we can evaluate
the summation over p by using again the Euler-Maclaurin for-
mula. As an example, the MSD for the center bead is easily
calculated to be
〈∆R20(t)〉=
3D
N
t+
3D
N
√
piτRt
(
1− erf
(√
4t
τR
))
+
9DτR
4N
(
1− e− 4tτR
)
.
(26)
It can be shown that for t  τR the MSD exhibits the Rouse
dynamics where 〈∆R20(t)〉 '
√
9piτRD2
N2 t
1/2 and for t τR the
drift dominates over the Rouse dynamics, where 〈∆R20(t)〉 '
3D
N t.
Second, for Pe 6= 0, the effect of the active noise is incor-
porated in M(1)s (t) [Eq. (18)] and M
(3)
s (t) [Eq. (23)]. As the
former part describes the drift of the entire system, only the
latter is responsible for the polymer internal dynamics driven
by the ABP. To understand these ABP-driven internal dynam-
ics, in Fig. 8 (Bottom) we numerically plot M(3)s (t) as a func-
tion of s at several fixed time t. As seen in this plot, the effect
of the central active noise rapidly decays out with s for all t.
0.01 0.1 1
0
20
40
60
Eq. (27)
0.5
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FIG. 8: (Top) Comparison between the theoretical prediction from
Eq. (24) and the simulation results for MSD. The plotted MSDs are
for the active cross-linker (s= 0) and the Brownian beads in the arms
at s = 1, 2, and 0.5N (where N = 100). The theoretical lines (solid)
are obtained by numerically evaluating Eq. (24). In the simulation,
we use f = 2 and Pe = 25. (Bottom) The plots of M(3)s (t) [Eq. (23)]
and M(2)s (t) [Eq. (21)] as a function of s for t = 1, 10, 100, and the
limit t→ ∞.
For t τR, M(3)s (t) approaches towards the limiting curve
lim
t→∞M
(3)
s (t) =
piτRτAv2p
2N2
(
pis
2N
− ln
√
2cosh
(pis
N
)
−2cos
(pis
N
))
(27)
obtained at the condition of τA τR and s > 0 (see this curve
in the plot). From this limiting curve we can see that M(3)s (t)
decreases with s as
piτRτAv2p
2N2
[
pis
2N − ln
(√
2pis
N
)]
from the center.
Note that this logarithmic decay is faster than a linear decay in
the range of the plotted s/N. We also remark that M(3)s (t) goes
to zero at a certain value of s= szero(t), whose value is always
less than s = N/2 for all t [note: the maximal zero-crossing
value at t → ∞ reads szero/N ≈ 0.4627 from Eq. (27)]. After
the zero-crossing point szero, M
(3)
s has a negative dip. But,
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the magnitude of this dip is smaller than 10% of the initial
maximum value of M(3)s . Therefore, it can be concluded that,
roughly speaking, the effect of the active perturbation on the
bead s = 0 can be neglected for s & N/2. For our simulation
in the previous section, this is the main reason why the bead
dynamics rapidly follows the Rouse dynamics MRouse(t) as
s→ N/2 in Fig. 4 (as well as in Fig. 8 (Top)).
In Fig. 8 (Bottom), we plot M(2)s (red dashed lines) for sev-
eral t [here the sharp increase at near s=N is from the bound-
ary effect, otherwise M(2)s is independent of s, see Eq. (26)
and below]. The plot shows that for given t there is a cross-
ing of the two curves M(3)s and M
(2)
s . Hence, we are allowed
to define a characteristic distance s∗ equating M(3)s∗ = M
(2)
s∗ ;
for s > s∗ the beads are dominated by the Rouse (thermal)
dynamics while, for the opposite condition, highly affected
by the ABP-driven dynamics M(3)s . For given vp and with a
large-time limit t τR, this characteristic distance is obtained
by this relation
v2p =
piND
4τA
∣∣∣∣∣pis∗2N − ln
√
2cosh
(
pis∗
N
)
−2cos
(
pis∗
N
)∣∣∣∣∣
−1
.
(28)
We can see from this figure that s∗(t,vp) is much smaller than
N/2 at any time t. This means that the polymer beads quickly
approach the Rouse dynamics even before s = N/2, as is con-
sistent with the simulation results in Fig. 4.
B. Dynamics of the ABP cross-linker
Now let us focus on the dynamics of the ABP cross-linker
and find the compact analytic form of its MSD. Formally, the
corresponding MSD is obtained from Eq. (24) by setting s= 0.
Since M(1)s (t) and M
(2)
s (t) are already obtained, our task is to
obtain the expression for M(3)0 (t). Below we briefly explain
the procedure. Inserting s = 0 into Eq. (23) and rearranging
the terms in the parenthesis, we can recast M(3)0 (t) into the
following expression:
M(3)0 (t) =
∞
∑
p=1
piτRτAv2p
2N2
1− e− 4p2tτR
p
− 2p
τR
2
1
τA
+ p
2
τR
+
2p
τR
e− 4p2tτR + e− tτA
1
τA
+ 4p
2
τR
+
e−
t
τA − e−
4p2t
τR
1
τA
− 4p2τR
 .
(29)
Then the summation is carried out using the Euler-Maclaurin
formula. From this procedure, the first line of Eq. (29) is eval-
uated to
piτRτAv2p
4N2
[
−Γ
(
0,
4t
τR
)
+1− e− 4tτR + ln
(
τR
4τA
+1
)
− 4τA
τR+4τA
]
(30)
with the incomplete gamma function Γ (z,x) =
∫ ∞
x t
z−1e−tdt.
For the second line of Eq. (29), we perform the integration for
both terms simultaneously with the condition of τA < 4τR and
find the result
piτRτAv2p
8N2
[
et/τAΓ
(
0,
(
1
τA
+
4
τR
)
t
)
−e−t/τAEi
((
1
τA
− 4
τR
)
t
)
+ ln
( 1
τA
− 4τR
1
τA
+ 4τR
)]
.
(31)
Here, Ei(x) =−∫ ∞−x dte−t/t is the exponential integral. In the
limit of t  τA this term decays to a constant, which further
becomes negligible if τR  4τA. Collecting the expressions
from Eqs. (18), (26), (30), and (31), we obtain the compact
expression for the MSD of the cross-linker as below:
〈∆R2A(t)〉=
3D
N
t+
v2pτA
2N2
(
τA
(
e−t/τA −1
)
+ t
)
+
3D
2N
(
2
√
piτRt
(
1− erf
(√
4t
τR
))
− 3τR
2
(
e−
4t
τR −1
))
+
piτRτAv2p
4N2
[
−Γ
(
0,
4t
τR
)
− e− 4tτR + 1
2
ln
(
τ2R
16τ2A
−1
)
+
τR
τR+4τA
+
et/τA
2
Γ
(
0,
(
1
τA
+
4
τR
)
t
)
− e
−t/τA
2
Ei
((
1
τA
− 4
τR
)
t
)]
.
(32)
We numerically validate Eq. (32) with the corresponding sim-
ulation. For this purpose, in Fig. 9, we plot the rescaled MSDs
〈∆R2A(t)〉/v2p of the ABP cross-linker at various Péclet num-
bers. Here, the solid curves are the predictions from Eq. (32)
with the given parameter values, which show excellent agree-
ment with the data for all tested Pe.
Based on Eq. (32), let us look for the origin of the anoma-
lous diffusion∼ tα for the ABP motion observed in the Rouse
regime in the simulation. To find a clue we expand the above
expression at the timescale τA t τR, which yields
〈∆R2A(t)〉 ≈
τAτRv2ppi
4N2
(
At+B
√
t+ ln t+C
)
. (33)
In the above, the expansion coefficients read A = 2+8pipiτR ,
B= 12DNτAv2p
√
piτR
, and C = 0.5772+ ln
(
1
τA
+ 4τR
)
− 4τAτR+4τA −
2τA
piτR .
From this result we can observe the two important findings
for the ABP dynamics: (1) The anomalous diffusion of the
active cross-linker is actually not simply governed by a single
power-law increment (∼ tα ). It fact, it is apparent dynam-
ics, only phenomenologically valid over a certain time win-
dow, originating from the superimposed motion of the drift
(∼ t), Rouse (∼ t1/2), and the remaining collective (∼ ln t)
dynamics. (2) The ABP interacting with a passive polymer
network attains logarithmic dynamics in its MSD through the
viscoelastic feedback effect. This is a very interesting finding;
if the polymer was made up of identical ABPs, as shown in
some work (including our calculation) [31], the correspond-
ing term would change from ln t to cst(Pe)
√
t and, conse-
quently, a Rouse-like subdiffusion would be observed for both
Pe = 0 and Pe 6= 0. Were it in free space, the ABP would
have transient superdiffusive dynamics before the final drift
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FIG. 9: Anomalous diffusion for ABP cross-linkers in the polymer
with f = 2, N = 100, and with the free ends. (Top) MSD curves for
Pe = 0, 5, 10, 25, and 250. The solid lines depict the theoretical
prediction from Eq. (32), for the given parameter values. The dashed
line depicts the prediction from Eq. (33). (Bottom) The apparent
anomaly exponent α in the Rouse regime as a function of Pe. The
data (filled square) are extracted from the MSDs (Top) by a power-
law fit ∼ tα within [1,500]. The solid line represents Eq. (34). See
the text for further information.
regime [8, 71]. Since B ∼ 1/v2p vanishes as Pe→ ∞, the ln t
dynamics will be clearly manifested at high Péclet numbers.
This is indeed demonstrated in Fig. 9 (Top), where the limiting
curve τAτRpi4N2 (ln t +C) is drawn as a dashed line for reference.
When Pe is increased to 250, the MSD up to the Rouse regime
accurately follows this line.
We can also extract the information about the apparent
anomaly exponent α from Eq. (33). As observed in Fig. 9,
in the Rouse regime the MSD grows like a power-law up to
Pe ∼ 25. We can reasonably estimate the apparent α as the
minimum slope of the MSD in the log-log scale. Then, the
minimum slope is identified to α = f ′(u = u∗) where u = ln t
and f (u) = ln
(
Beu/2+u+C
)
. Here, u∗ is the time at the min-
imum slope satisfying f ′′(u∗) = 0 (NB: the drift term can be
ignored in f because of t/τR
√
t/τR in the Rouse regime).
From this method we find the apparent anomalous exponent
α as a function of the Péclet number as below:
α(Pe) =
1
2+2W
(
2eC/2−2
B
) . (34)
Here, W(·) is the Lambert W-function defined as the inverse
of F (x) = xex. In Fig. 9 (Bottom), we compare Eq. (34) to
α(Pe) from the power-law fit to the simulation data (Fig. 9
(Top)). It shows that our theory with no free parameters suc-
cessfully explains the observed apparent α up to Pe ∼ 20, as
expected from the MSD curves. Beyond this value, the theory
begins to disagree with the empirical values from a blind fit.
This is because for Pe & 20 the effect of ln t is increasingly
pronounced compared to B
√
t, where the minimum point u∗ is
located above the Rouse regime and, thus, the estimation (34)
is no longer applicable.
Now we shortly discuss about the VACF Cv(t;δ t) of the
ABP cross-linker. Its analytic expression can be obtained
using the autocorrelation relation [Eq. (15)] with the entire
derivation described in Sec. II C (ESI†). The calculation
shows that the VACF is given by the sum of two independent
contributions, such that
Cv(t;δ t) =
τAτRv2ppi
4N2
{BC(th)v (t)+C(ac)v (t)} (35)
where B is the expansion coefficient defined in Eq. (33).
Fig. S6 illustrates the excellent agreement between Eq. (35)
and the simulation data. Here, C(th)v explains the displacement
correlation from the thermal collective dynamics, which is, for
a typical time scale (i.e., τA t τR and δ t τR), given by
C(th)v (t) =
[
2t1/2− (t+δ t)1/2− (t−δ t)1/2
]
∝−t−3/2.(36)
This is the precisely VACF [Eq. (6)] for FBM with H = 1/4
characterized with a power-law tail with the exponent −3/2.
The other term C(ac)v is attributed to the displacement correla-
tion from the active collective motion and, for the time scale
of our interest, has a tail (t > δ t)
C(ac)v (t) = [ln(t+δ t)+ ln(t−δ t)−2ln t] (37)
∝ −t−2. (38)
Note that C(ac)v ∼ ∂ 2ln t/∂ t2 has a power-law correlation with
the exponent−2, which is the limiting power-law tail of FBM
[Eq. (6)] at H → 0. The VACFs [Eqs. (35), (36), and (37)]
inform that the motion of the ABP cross-linker is a non-
Markovian gaussian process with a power-law displacement
correlation and seemingly behaves as FBM, particularly at
small Pe where the contribution of C(th)v relative to C
(ac)
v is
significant (B ∼ 161/Pe2). In Fig. 10, we plot the exact the-
oretical VACF [Eq. (35), solid line] for an increasing Pe and
fit each curve with that of FBM [Eq. (6), dashed line]. For
Pe. 10, the VACF is in good agreement with an FBM coun-
terpart with a Hurst exponent from fitting. Hence, at a Pe
condition in this range, the athermal motion of the ABP cross-
linker can be effectively treated as FBM. For Pe& 10, there is
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FIG. 10: The theoretical VACF curves [Eq. (35)] for the ABP cross-
linker for various Pe conditions. The relaxation part for t ≥ δ t is
plotted and numerically fitted by the normalized VACF [Eq. (6)] of
FBM (dashed line) with H as a fit parameter. From Top to Bottom:
the fitted values of H are 0.506, 0.431, 0.330, and 0.175.
no FBM curve fitting the VACF in the entire time range con-
sidered (e.g., the case of Pe = 250 in the plot). In this range
of Pe, C(ac)v dominates the displacement correlation, and the
dynamics of the ABP cross-linker are governed by another
non-Markovian process having a power-law autocorrelation
Eq. (37).
V. CONCLUSIONS
To summarize, in this work, we investigated the dynam-
ics of an active Brownian particle cross-linked to a networked
polymer based on the Langevin dynamics simulation and an-
alytical treatment. It has been determined that the ABP cross-
linker displays an apparent anomalous diffusion of the form
〈∆R2(t)〉 ∼ tα with 0 < α ≤ 1/2 in the Rouse regime through
the viscoelastic feedback. Contrary to naive expectations, the
apparent anomaly exponent α becomes increasingly smaller
than the Rouse exponent 1/2 as the ABP is driven with a
larger Péclet number Pe. Thus, it appears that a particle with
higher activity becomes more subdiffusive when the MSD is
measured. Our analysis has also shown that the motion of
ABP cross-linker is a non-Markovian gaussian process and
seemingly behaves as FBM with the Hurst exponent given by
H = α(Pe)/2 in the Rouse regime. These dynamic proper-
ties are generic in the sense that they remain unaffected by the
change of the functionality f and the boundary conditions of
the end beads in the network.
We have provided an analytic theory regarding the ABP
connected to a viscoelastic polymer environment. The anal-
ysis has demonstrated that in the Rouse regime the ABP dy-
namics are governed by a drift [∼ t], the thermally-induced
collective (Rouse) [∼ t1/2], and the actively-induced collec-
tive [∼ ln t] dynamics. The ABP, through the viscoelas-
tic feedback, attains strong negative spatial correlations of a
power-law decay −t−3/2 from the thermal noise and −t−2
from the active noise. It turns out that the apparent anomalous
diffusion∼ tα in the simulation is the superimposed dynamics
of the three. The motion looks more subdiffusive for higher
Pe, as the contribution of the active dynamics (ln t) is increas-
ingly stronger than the Rouse dynamics as Pe is increased [see
Eq. (33)]. We highlight that the viscoelastic feedback gives
rise to the ln t dynamics against a local athermal force exerted
by the ABP. The active diffusion of the ABP is easily ham-
pered by the negative viscoelastic feedback from the polymer
that decays as ∝ −t−2. Consistent with this view, we have
found that the ABP-driven fluctuations are weakened rapidly
along the chain. The corresponding contribution for MSD de-
creases with the bead index s as M(3)s ∼ cst.
[
pis
2N − ln
(√
2pis
N
)]
,
which decays much faster than a simple linear decay [see
Fig. 8 (Bottom)].
Importantly, the knowledge obtained from our study leads
us to establish an effective theory for the diffusion dynamics
of an active particle in a viscoelastic medium. Given the fact
that the ABP cross-linker is governed by a non-Markovian
gaussian process characterized by two VACFs [Eqs. (36) &
(37)] from two independent noise sources, we suggest that the
following fractional Langevin equation exactly describes such
a (one-dimensional) process X(t):
∫ t
0
K (t− τ)X˙(τ)dτ = Γ (1/2) d
1/2X
dt1/2
= ζth(t)+ζac(t).
(39)
Here, d
1/2
dt1/2
is the Caputo fractional derivative of order 1/2,
and the corresponding memory kernel is given by K (t) ∼
t−1/2. The two random sources ζth and ζac, originating
from the thermal and active noises in the microscopic the-
ory [Eq. (5)], respectively, incorporate the viscoelastic effect
from the environment. As is known, ζth is the fractional gaus-
sian noise (FGN) of H = 3/4 satisfying FDT K (t − t ′) ∝
〈ζth(t)ζth(t ′)〉 ∼ |t − t ′|2H−2 [65, 66, 73]. This then gen-
erates the Rouse dynamics 〈∆X2th(t)〉 ∼ t1/2 and the VACF
(36) for Xth(t). For the same kernel K (t), ζac should be
an OU noise with an exponentially decaying autocorrelation
〈ζac(t)ζac(t ′)〉 ∝ exp(−|t − t ′|/τac). Its amplitude and char-
acteristic time are specified by the details of the microscopic
active noise η(t) and of the environment. In association with
the K (t), ζac produces the MSD of 〈∆X2ac(t)〉 ∼ ln t and the
VACF decaying as −t−2 [76], while violating FDT. Since
the displacements ∆Xth(t) and ∆Xac(t) are independent each
other, the fractional Langevin equation (39) is indeed the ef-
fective single-particle theory describing the observed anoma-
lous dynamics of the ABP cross-linker. This new theoretical
formalism will be useful for the quantitative understanding of
the dynamics and physical properties of active particles in a
viscoelastic environment, as exemplified in Fig. 1 (Top).
We note that our findings in this work are not specific
to the active noise we chose. Based on additional simula-
tions, we have observed that a different type of active cross-
linker, modeled by a white gaussian noise, produces essen-
tially the same anomalous dynamics as above using the OU
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noise [Eq. (2)]. The corresponding simulation data and theory
are provided in Fig. S7 and Sec. II D (ESI†). Previously, the
active-particle models using these white gaussian nonequilib-
rium forces were introduced for studying the in vivo chromo-
some [77, 78] and other active systems [34, 79–81], with the
notion of "hot" and "cold" particles [77, 79]. The superimpo-
sition of the active gaussian white noise with the thermal noise
makes the active particles in an effective temperature hotter
than the ambient temperature that the passive particles experi-
ence. It is likely that our findings in this study can be observed
in the dynamics of other FDT-violating particles coupled to a
polymeric environment.
Finally, it is worth mentioning that the current study po-
tentially provides a basic knowledge for understanding the
nonequilibrium dynamics of the biological polymer com-
plexes, such as chromosome, cytoskeleton filaments, and the
ER networks, as well as for interpreting the related experi-
mental data. For example, imagine a fluorescence in situ hy-
bridization (FISH) experiment probing local segment dynam-
ics in a living polymer associated with the ATP-consuming
enzymatic activity. Our computational and analytic investi-
gations suggest that active subdiffusive motion can emerge
through the interactions between the active particles and the
underlying polymer, with an anomaly exponent α lower than
the one expected at the thermal equilibrium, e.g., 1/2 for the
case of a Rouse polymer. Note that the active sudiffusion
shown in this work should be distinguished from the athermal
subdiffusion of a self-propelled particle or an active polymer
that was induced by the macromolecular crowding of the en-
vironment [41, 68]. Therefore, a careful interpretation is nec-
essary for the experimental observation, and one may tell the
active subdiffusion from the ordinary case by scrutinizing the
decrease in α with increasing active fluctuations (say, by in-
creasing the ATP concentration in the solution or increasing a
local temperature at the probed region via chemical reaction).
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